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EQUATIONS FOR DETERMINING ATRCRAFT MOTIONS FROM ACCIDENT DATA
Ralph E. Bach, Jr., and Rodnoy C. Wingrove

Ames Research Center
SUMMARY

This paper describes procedures for detcrmining a comprehensive accident
scenario from a limited data set, The analysis techniques accept and proccss
data from either of two sources: an Alr Traffic Control (ATC) vadar-tracking
system or a foil flight-data recorder., Local meteorological information at
the time of the accident and aireraft performance data are also utilized.

Equations for the desired aircraft motions (roll, pitch, yaw) and forces
(1ift, excess thrust) are given in teérms of elements of the measurement set
and certain of their time derivatives. The principal assumption made in the
development presented here is that aircraft side force and sideslip angle
are negligible,

An estimation procedure is outlined for use with each data source. For
the foil case, a discussion of exploiting measurement redundancy is given,
Since either formulation requires estimates of measurcment time derivatives,
an algorithm for least-squares smoothing is provided

INTRODUCTION

For several years Ames Research Center has been assisting the National
Transportation Safety Board (NTSB) and the military services in their investi-
gations of aircraft accidents. During this period, methods have been developed
to determine aircraft motions from the limited data available following an
accident. It is the purpose of this report to derive the equations used in
the analysis of such data and to summarize thelr application. A companion
paper (ref. 1) presents an experimental assessment of the accuracy of the
methods and reésults from several accident analyses., To the authors' knowledge,
these are the first expositions of accident analysis techniques based on the
full aircraft kinematic model that have appeared in the open literature.

The data sources considered here are the ground-based radar tracking
gystom and the onboard foil flight recorder. A radar tracking system provides
time historles of aircraft position, including altitude (when the vehicle is
equipped with an altitude transponder). Radar data are recorded by an Alr
Traffic Control (ATC) station in the vieinity of the accldent site (rei, 2).

A foil record contains time histories of indicated airspeed, magnetic heading,
barometric altitude, and normal acceleration. Flight recorders of the metal-
foil type are carrled by many airliners and some military alreraft. They are
of rugged construction, designed to withstand the rigors of severe aceldents
(refs 3 and 4).
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By 1974, NTSB mscientists had developed digital computer programa for
analysis of both ATC radar data and foil records. These programs corrected
the data for calibration errors and nonstandard atmospheric conditions and
provided time-history catimates of such parameters as groundspeed and ground~
track and flightpath angles (ref., 5). The NASA contribution has becen to show
how elther data source, in combination with meteorological and aircraft data,
can be utilized to estimate wind-axis specific forces (axecess thrust, lift)
and body-axis Euler angles (roll, pitch, yaw). Thrust and 1ift forces are
important aircraft performance parameters (ref. 6), which, along with the
Euler angle time histories, are valuable aids to the investigator in visual-
1zing an accident trajectory.

This report is organized as follows: 1) wind-axis force and angle rela-
tions are derived for a vehicle governed by basic rigid-body dynamics,
referred to a flat, nonrotating earth; 2) then, formulis for expressing body-
axis Euler anglés in terms. of wind-axis arigles and tte derodynamic angles are.
presented; 3) the specialized applications of the equations to the analysis
of elther radar or foil data are then summarized; pertinent axis systems and
transformations are defired in Appendix A; and finally, since both analyses
deperid on estimates of first and second derivatives of certain measurément
timeé historiés, an algorithm for least-squares smoothing is presented in
Appendix B..

FORCE AND_ATTITUDE-EQUATIONS

The key steps in protessing accident data from ATC stations or foil
recorders are indicated in figure 1. Smoothing the data provides estimates
of first and second time derivatives from which wind-axis forces and angles
tan be determined. The forces, airspeed, and specific information about the
airplane (lift characteristics) permit estimating the angle of attack, which
cari then be used with the wind-axis anglés to determine time histories of the
body-axis Eulér angles. The assumption of negligible side force (ayy = 0)
and sideslip angle (B = 0) is necessary to obtain the desired solutions.
There may be, of course, accident situations in which this assumption is not
valid. 1In the following paragraphs, we derive the equations for force and
attitude estimation. The vehicle dynamics introduced here are discussed in
reference 7.

Wind-Axis Forces and Angles

It 1s convenient first to develop expressions for wind-axis angles and
forces in terms of quantities derived from vehicle position derivatives and
local wind estimates. The rationale for this approach should become evident
as the development proceeds. Orientation of the wind-axis frame F + relative
to the vehicle-carried vertical frame Fy, is defined by Euler angles (byys Byge
¢w)+ As described in Appendix A, both Fy and Fy have their origins at the
vehicle mass center and move with it. Frame Fy has axis Oxy along the
velocity vector and axis Ozy in the vehicle plane of symmetry. The axes of
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Figure 1.— Flow chart for processing accident ddta to obtain wind-
axls forces and body-axis Euler angles.
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Fy are parallel to the stationary earth-surface frame Fg. In this develop-
ment we assume that the earth's curvature and rotation velative te an inertial
frame can he neglected. Definitions of tha Pulex.angles and a review of
important axis transformations can alse be found in Appendix A,

Expressions for wind-axis angles Vy and 0, are easily derivod from the
relationship between vehicle velocity in Fg and Fy,» glven by

X = wy v V cosd,, cosyy
y-wyl= Low |0 = |V cosy sinyy (1)
2 - wy 0 -V sinby

where (%4 ¥, %) are timé derivatives of vehicle puwition in y (Wgy Wy, wy)
are winds in Fg, and V i¢ true airspeed. It should be not that, a{ong

a space irajectory, winds would be ideally characterized.as furctions of time
and position, 1.e., wy = we(t,x,y,2); wy = wy(t,X,y,25; wg = wy(t,Xx,y,z).
When the second equation of (1) is divided by the first, it is seen that

tanyy = (7 - wy)/(k - we) (2)
while the third equation yields
8ind = ~(& - wp)/V (3)

Note thdt the airspeed can be written as

1l
Ve [t - wo? 4 @ - wp? 4 @ - 2] )

which is obtained by premultiplying the vector in equation (1) by its trans-
posé;:

The relationship for vehicle aetodynamic reaction in terms of the ac-
celeration of its center of mass and its gravitational attraction is used to

complete the wind-axis Euler angle set and determine the forces., Hence,

ayw 0
ayw| ™ acy = gy} O (5)
azw g

Aerodynamic reaction as defired in reference 7 is

where (Tyxy, Tyws Tpy) are thrust terms; D is drag} C is side force; L 1is
lift; and m "is vehicle mass. For an aircraft in cruising flight, only

Txws D, and L are significant forces. Often, a is referred to as "excess
thrust." The acceleration of the vehicle center of mass can be written

4
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where V and (Wy, Wy, wg) are timo dordvatives of airspeod and winds. The
angular velocitics "qy and vy, are given by
q, = -éw aing, + le conl, cond, l
r, " éw cosd,, + d‘w cosd, sing, ‘
Note that expressions for the derivatives 1, By V can be obtained by
differentiating cquations (2) through (4), which yields
@w = [3y - wy)costpw - (% - wx)siuwa/V coaew 9)
éw =-(E -0, +V ainaw)/v cosb | (10)
V= [(5& - &x)cosww + (y -~ v'vy)sinww:lcosow - (2 - x’vz)ainew (11)

where (X, ¥, £) are second time derivatives of vehicle pesition in Fo.
We now multiply both sides of equation (5) by Ly(-¢y) and use equations
(7), (8), and (10) to obtain

a., " v+ (g - wz)sin(-)w + (wx cosy + Wy sinww)cosew (12)
and
-a,., sing + L. cosd, = C; l .
ayw simpw + azw cos¢w = 02 s
where
Cl = t]JwV casfw + (wy cosww - Wy sinww) l "~
02 = (% - g+ . sinew)/cosew s
Next, we solve cquation (13) for ain¢w, coscbw as
sing = (C,a__ =~ C,a )/(a2 +32)
w 27yw 172w yw 2w l (15)
- 2 2
cond, = (Gpa + Cya, )/ (a2 +al) |
from which we obtain the expression
(ayw/ayy) + (C1/-Cy) (16)

tang, =
‘w1 - (ayw/azw)((}l/-cz)

(8) -

i
|
i
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It should be noted that side reaction ayy 18 usually small compared with
agwe In fact, in ovder to aatimate ¢y and agy by ualng the formulation of
aquations (13) and (14), it is nocesnnry to ARNLMmE that the ratilo (ﬂyw/“zw)
18 nogligible, In that caso

tangy = (Cy/=Cp) (17
Finally, solution of cquation (13) for agy Yylelds
By " C2 cos¢w - Cl 81n¢w (18)

An analyais of thé errors in ¢y and azy #ncurred by neglocting the ratilo
(ayw/agy) shows that

yw' “zw

) w ]l = aec¢e

tan¢e w (a_/a_ ) }
(19)

(ae/azw

where ¢, 18 the error in the estimate of ¢, and dg {18 the crror in the
eatimute of agye

Body~Axis Euler Angles

We have shown that wind-axis Euler angles (Vy» Ows byy) and specific
forces (axys ayws ayy) may be determined from vehicle position derivatives
and wind information. It is, however, the ettitude of the body frame Fp
relative to Fy as described by the Euler angles (Wb, Ops 9b) that is of
primary interest in the analysis of vehicle motion. Recall that the frames
Fg and Fy are displaced by angle of attack o and sideslip angle B (see
Appendix A). In this development, we assume that sideslip is negligible,
which is consistent with the statement ayy ¥ 0. 1In the next section, we
obtain an estimate of o by using axy, 8zws Vv and performance data for a
particular aircraft. Hence, given (Vy, Oy, Ow) and (o, B), it should be
possible to determine expressions for the body-axis angles (Vp, Op» ¢p). To
conclude this section, therefore, we shall review the transformation between
frames Fp and Fy and derive the expressions relating body and wind-axis

Euler angles.

The body-axis system Fp is carried into the wind-axis system Fy by
the rotation sequence (0, -a, B). The transformation matrix is given by

Ls © LZ(B)Ly(~m) (20)

Now, note that a vector b in Fp may be transformed into Fy 1in cither of
two equivalent ways:

v = LVBb or v = LVWLWBb (1)
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Here v ia a vector with coordinaten in Py, and Lyp repreaenta the trana-
formation

igp ™ Log (oY by €8 by (b (22)

Honlce wo can oxprans

Lyp ® Lywun @3

go that givon (dys Oy by) and (s, B) we ohould bo abla to solve for (¢hy Ob
qu)S In order to do this, wo form tho matrix product indicotod by equation
22):

‘cosﬂb coawb sin¢b aineb coswb coa¢b ainﬂb coswa
- cos¢b sinwb + ain¢b sinwb
LVB - coseb sinwb sin¢b sineb sinwb coa¢b aineb ainwb (24)
+ cos¢b coa¢b - ain¢b coswb
L-aineb sing, cosdy cosp, o8y )
grom which it follows that
tan¢b = z32/233 (25)
sineb - -231 (26)
tanwb ® z21/211 (27)

where the {14} are elements of Lyg. (An equivalent representation can be
found in ref. 8,) It is convenient to use the trigonometric identity for
tan(Pp = Yw) with equation (27) to obtain the expression

tan(¢b - ww) = (£21 coaww - %4 sinww)/(zll cosww + 221 sinww) (28)

Finally, we evaluate ihe matrix product of equation (23) as shown in table 1
and substitute the required elements of {kij} into equations (25), (26),
and (28) to obtain the desired body-angle formulas

cosB dind, cosd, - sinB 8ind

tandy, ® Toosa cosd, - sina sind sind yeosd_ - sina cospB 8ind (29)
W w W W
siueb = cosa cosf ein9w~+ (sina cosqaw 4+ cosa sinB ain¢w)cosew (30)
sina sin¢w - coso sinB cos¢w
(31)

tan (bp=dw) = cosa cosp cos® - (sina cosé, + cosa 8inB sin¢w)91n9w

7
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TABLE I,- BLEMENTS OF MATRIX LVB

b0 Y12 i

by * byl = By (b (O (P Iy (L (=) =byy  yy by

TR VI T

o

,LL P - ( ] E W
‘N w W W W

‘21 o cose cosd couow siuww =« cosu sing (ain¢w einow uinww + cou¢w couww)
, - glna (coa¢w sinﬁw slnww - ain¢w cosww)

'S & cost O 8 - QCU80 & ] - M ¢ 080
1 cosa cosp iuow coss sinf sin¢w g«aow sina coa¢w LOBlw

%12 w ginf coaew cosww + cosf (81n¢w ainew coaww - cos¢w sinww)

£22 = ginB cosew sinww + cosB (ain¢w sinew sinww 4 cos¢w coaww)

N ¥

£32 = - ginf sin6, + cosB sing,, cosb,

zla = gino cosB cosOw cosww - sino sinf (sin¢w sinew cosww - cos¢w sinww)

+ cosa (coscbw sinew cosww + sin¢w sinww)

223 = gino cosB cosew sinww - gina sinB (sin¢w sinew sinww + cos¢w conww)

4+ cosa (cosd  s8ind  siny - sinp cosy )
W W W w W

233 = ~gino cosp sinew - gina sinB sin¢w cosew + cosa cos¢w coseW

il 2P
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MOTIONS DERIVED FROM ACCIDENT DATA

1

e~
(et

In this acctlon, proceduren for determining aireraft motions and foreced
from vadar or foll data are suamavized; the procedures are based on the
equations dovelopad 1n the provious scction, We aapume that eartaln types of
data anomalios, asuch as dropouts, wild poilnts, ate., have beon romovad, and
that corrections for teomporacure, prossure, otce., have haon made to air data
in ne far as posaible. Metcorological data, of courso, will b dmpreei.ce —
wind moasuremonts, 1f availablo, mey have boon recordod many milos from the
crash site and at a difforont time from that of tho aceident. Usuaily, data
sufficiont to detormine only wy and wy (us functions of altitude) are
obtained, Hence, 4t must ofton be assumed thot wy = 0, These limitations
notwithstanding, we can then procded to compute wind=-axils Euler angles and
forces along the trajectory, to ostimate an angle-of-attack-time history, and
to determince the body-axis Buler anglus, The necessary assumption for a
solution with either data sot is that vehicle side force ayy and sideslip
angle B arve nogligible. ‘

Y
[
Y
,j
|

Analysis of Radar Data

We assume that time hie:ories of vehicle position (x, y, 2) «r’ iads
(wxs Wy, Wg) are available. First, "amooth" the data (see Aspunai-. r) to
obtain estimates of vehicle velocity (%, 9, 2) and acccleration (X. ¥, ¥).
We then use equations (2) through (4) to determine wind-anis angles Uy and
0, and airspeed V:

“1 ) )
v, = tan [(y - wy)/(x - wx)] l
o, = stn " [~(& ~ w,)/V] (32)
. o 2 ¢ 2 S - 2 1/2 ’
' [kx =)+ (- wy) + (&~ w,) ]
Next, we determine excess thrust by using equation (11) in equation (12),
which yields
b ® % cosww + 4 sinww)cosew - (% - g)sinew (33)
and then we solve for lift and wind-axis roll angle with
a " c2 cos@w - Cl sin¢w
-1 (34)
¢, = tan (01/-02)
where equation (9) has been used in equation (14) to give
C, = ¥ cosy_ ~ % siny

C, = (¢ - g+ Ay sinew)/coaew

9




Notice that in equationa (33) and (35) there is no depandence on wind-
derivative (Wx, Wy wg) information.

Finally, in order to obtain the body-axis angles (Yn, 0, 9p), an estimate
of angle of attack 1s needed, In the lincar reglon, that estimate can bha
approximated by

G ® gy = may,/08 CL,
Q= (1/2)pv?

where m 1s mass, 8 is wing area, p is alr density, and cLa is tha
derivative of the lift coefficient with respect to . Values of o4 and Cry,
depend primarily on aircraft configuration and Mach number and are tabulated®
for a given aireraft. For high angles of attack, a flat-plate relationship
yields a good approximation (refs.—9 and 10):

(36)

o= tan‘l(axw/azw) (37)

Now the body angles can be detérmined by using equations (29) through (31),
with B8 = 0:

\;b = q;w + tan-l [sina sin¢w/ (coso cozss(iw - gina coa¢w sinew)] l
- -1
Oy sin “(cosa sinew + sina <:.oss€3w coa¢w) (38)

1 ’
d’b = tan E:oeaeW s:LnlbW/ (coso cnsew cos¢w - sina sinew)]

Analysis of Foil Data

The data set derived from a fcil record consists of true airspeed V,
heading angle Y}, altitude -z, and normal specific force -a,, These
quantities, along with time derivatives V, ‘I’b’ %, and %, wind Enformation,
and ailrcraft performance data, can be utilized to provide an accident scenario.
First, we use equation (3) to determine the wind-axis pitch angle 8y,

0, = ain‘l[-(é - w) /] (39)

Next, the forces ay, and a,, and the roll angle ¢y are estimated by using
equations (12) through (14):

By © V+ (g~ wz)ainew + (wx costpW + wy eimpw)cmaew (40)

e

a = C, cosp = C, 8ing
2 w 1 w } (41)

$, = tan (Cy/=Cp)

where

10
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¢, = OV eond 4w ocony - w_ Blnyg t
1 w w y w % w (42)

o (M- STV
‘2 M-pt Mo Hinnw)/uunlw ‘

Notdeo that the oxprosalons Tor gy dgye il by dopond on wind-dorivative
quantitlon (Wxe Wy W), ontimatos of which are ponevally wnreltable (ov
wnavallable),  Sthee  wy, fo usually not measuvod, and  wy Wy are rovorded
as functions only of ultitude, tho host eatimates of the wind derivat tven are
dw dw
: N MR (43)
X

CIRACA X W d
W 7 odn Y y d 0

Notlee also that the factor ¢w in oquation (42) must boe approximated by the
time devivative of P, which {8 fncluded 1n the data soet, (1f wind=dorivative
: ef focts dn equations (40) and (42) arce to be Included, let dy SR also,) .

- Finally, after estimating anple of attack as In the radar case, woe solve for

3 the unknown Ruler anples:

()“

-1 ‘
= gin  (cosa a(uow + sing uoaow Loa¢w) l
-1 ]
: sosl) . cosl ¢ - g ) 4
*b = tan E“"ﬂw aiu¢w/(uuaa Loatw aua¢w siny ulnlw) (44)

-1
= - ’ " - - Al 0
ww ¢b tan [ﬁiuu sin¢w/(uoau Loaow sing atnlw gua¢wﬂ

The Foll record appurently contains redundancy, since the measurement
a4, has not appeared in any of the equations,  The redundancy may be utilized
to provide an independent estimate of angle of attack. In the l{ncar region
that estimate can be approximated by

o = ay - may /QSON, (45)

where m, Q, and 8 have been previously defined and  COn, is thoe derivative
of the normal force coefficient. Agoin, a, and Cny would be found as
tabulated functions of configuration and Mach number for a given aireraft,
Outside of the linear region, o may be obtained from a flat-plate relation

equivalent to equation (37), which is
-1
a = sin (“xw/azb) (46)
Using the estimate of o 8o obtained, we can determine the wind-axis reaction
torm ag, independently of ¢y. That expression is given by

CI azb/cosu - a, tana YD)

One way that the redundancy implied by cquation (47) can be utilized 18 to
provide a check on the assumption that the ratio (“yw/"aw) fs nogligibly small.
Lf cach of the relations in equation (15) 18 squared and added, the result {8

uy";, + ufw - cf + cg (48)

11

. e —_e e




from which the magnttude

|"\'w/“'.'.wl " [(C? ¥ Ci)/u;i h 1] i (49

{n obtatned,  The rodundaney can also be uned to compensate for anomallen i
the data. Onboard tuatramenta are pubjeet to unusual operating conditionn
during an aceldont, and portdons of the vecovered toll rocord may contaln
afpndt teant errorn, 1 the attimeter (o sunpect, then the roll anple
can e computad trom

- -1 ' /e Q
b, = vin (-t R (50)

19 oW

When data trom the drvoctional pyro ave consldered uareliable, the magnt tude
ol ¢y vin be detormived from the expross boa

- B - "
I¢W| = tom lBﬂawlcz)b - 1Jl/~ (51)

The altornate solutlons for rall anple glven by cquations (50) and (51)
could, ot course, be used to provide a data~conststoney chock of the four foll
measurements,  tn this vogard, one furthor obscevatton should be noted:
Manipulation of ¢quation (41) yields

C? el

on H2
aw SOy (52)

from which an expression for verttceal acceleration

BERE o

COR o~ a o 8alnd 4 op (53
$g vosl =iy sty (53
follows, Honee, cquatfon (53) may be tategrated twice, and with appropriate
chofee of constants the result should mateh the attitude vecord,

CONCLUDING REMARKS

This repott presents the cquations necessary to coustract a comprehenslve
geonario of atrveraft motfons by using data from an Ate Trattfic Control vadar
gyatom or a foll fiight-data vecovder,  Vehicle pertformance data and local
metcorologiceal {nformat{on ave also utilized,

Expreastons tor anples and forees are tieat obtatned In a wind-axis
frame, tn torms of the meanured vartables and cortatn ot thelr time devivat fves,
Eatimat fon of ang » of attack then permits determinatfon of the doest red bade
axig Buler anglea,  The devivations vequive an assumption ot neplipible aide
toree and sidestips ovror ost fmates have boen feetuded,

The procedures described hevetn have been tmp lemented to asalat the
Nattonal Transportat bon Satety Board and the mtlitavy sevvices tn thetr ta-
veut fpat tona ot several afrervatt acebdonty,

%




APPENDIX A
AX18 SYSTEMS AND TRANSFORMAT TONS

are utftizoed,

ln the text, the tour reference Framen  Fpy Fyo Vo Vy
Thoy ave deftned as followas

VR J 3

Figs whth axes  OpRpyisis has  Opsl
a loeal hordzontal plane,
pointling cast.

() The varth=-gurtface frame
: directed vertically down,  OpRXEYE is
: with Opxg pointing north and  Opyg

(b) The vehicele-carried vortical frame Fy, with axes Oyxyyyiys
has its origin fixed at the mass center of the vehicle, For
tn the curvature of the ecarth

“, 2

= the applications considered here

= {s neglected, and the axes of Fy are token parallel to those
' 0[ FF‘

(¢) The wind-axls {rame Py, with axes Oyxyyways has its arigin
fixed at the mass center and has 1ts axis Ugxy directed along

23 the velocity vector of the vehidle relative to the atmosphere,

h Axis Oyzy Lles in the veohicle plane of symmetry.

= (d) The body-axis frame Fy, with axes Opxpypep, has fts origin

= fixed at the mass center and has {ts axis Opxg parallel te

= the acrodynamic reference direction (zero-lift line). Axis

= Opzg lies in the vehicle plane of symmetry.

' the orientation of the

In flight dynamics, the Buler angles describe
vehicle-carried vertical frame Fy with respect to cither the wind-axis
5 system Fy or the body-axis system Fg. The angles (Pys 9w, ¢y) rotate Fy
{nto coincidence with Fys the angles (Vs Cbs ¢p) rotate Ty into coincidence
with Fpe The following steps describe the scquence of rotations illustrateed !

} in figure 2.

(a) A rotation is made about 02y, carrying the axes to 0xy022.

This is the yaw angle V. i

(b) A rotation is made about Oyg, carrying the axes to 0x13y3z3. 1

This is the pitch angle 0.

; (¢) A rotation is made about 0x3, carrying the axes to their final
’ position Oxyz. This is the roll angle ¢.
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FLIGHT PATH

Figure 2.-- Buler angles.

The matrices required to transform a vector from F

into etther Fy
or Fp correspond to the sequence of rotations (¢, 0, $)

and are given by
Lyy = L)L (0L, () (A1)

for the wind axes, and
Lyy = L, ()L, (0L (v,) (A2)

for the body axes. The transformations assoclated with

a single rotation
about cach of the coordinate axes are

pe -

1 0 0
Lx(¢) = |0 Cosd sing (A3)
0 -sing cos¢d

cos 0 -sino-
L (0) = 0 1 0
y

gint 0 cos0

(A4)

L4




=
5—'

coay ainy O
Lz(w) a |l-ainy cosp O (AS5)
0 0 1

It should be notod that the products Ly($)Lyx(-¢), Ly(0)Ly(-0), and Ly (V) Ly (=9)
cach reduce to the unit matrix., Thus, tho transformations of equations (Al)
and (A2) are orthogonal, that ia:

- T
Ly = Lz("ww)Ly('ew)Lx("¢w) = Ly l (A6)
T
Lyp = Ly (-¥p)Ly (-0 Lx(=4,) = Lyy ‘
where the superscript T denotés the matrix transpose.
Finally, it should be noted that frames Fy and Fy are displaced by
angle of attack o and sideslip angle 8. Specifically, the body-axis
system Fp 1s carried into the wind-axis system Fy by the rotation sequence
(0, -0, B). The transformation matrix is given by

Lg = Ly (8L (-0) (A7)
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APPENDIX B
A SMOOTHING ALGORITHM

SMOOTH {is a routine that "amooths' a data record and provides estimates
of 1te filrst and sccond derivatives with respéct to the inddpondent variable,
The algorithm, adapted from refereénce 11, passcs a "least-aquares moving arc"
through the data. 'The arc is a second-degree polynomial spanning an interval
of NS (odd) equally spaced data points such that

K, =3+ ay (L - p) + ay(t - p)

P=3j - (NS~ 1)/2

(B1)

where (ao, 815 az) are chosen to minimize
1=j
J = (z, -~ x )2 (B2)
i i
i=3j-~NS+1

The data record cousists of the samples 2z,, j = 1, ..., NPTS. Values of the
polynomial and its first two derivatives a}e computed at the central point p
of each interval as the arc is passed through the data. Estimates near the
beginning and ehd of the data record are obtained by extrapolation of the
first and last polynomials.

A FORTRAN IV listing of the program is given in figure 3. The subroutine
call statement is CALL SMOOTH (Z, X, Y, W, NS, H, NPTS), where the parameters
are

Z input vector of length NPTS containing data record to be smoothed

X output vector of length NPTS containing smoothed data record

Y output vector of length NPTS containing first derivative of X

W output vector of length NPTS containing second derivative of X

NS number of points desired in smoothing interval; must be odd and
3 5 NS £ NPTS

H sample interval, sec

NPTS number of points in data record

16




H

7100_ . CONTINUE

SUHRUUTINE SMOUTHIZ, X, Y, Wsnh8,H,NPTH)
WIMENSLOM Z(NPTS) A (NPTEY ((NPTS),wn(NPTS)

REFg WHITE SANDS HR 0OF DR H&TthS, B 1a0

L2 X g X o

JF(NB e T NPTS) NSBAPTS
CSIP.lihnte)

CUEFFLCIENT CALCULATTON

oaOn

NaNs.. . .
thwﬂN*té
DiaN*(ENSQwd,)
PD2menSNey, e
Cii=.75#%(3, t&NSQ-V )/ni
Cizz=ih, /Dl
-_MWN£223134LLN£Qalm e e e
Cl3m~12,nC18/D2

o>

2 CINITIALIZE SUM CALCULAYLION

APz (1)
e BPBO
CPCQQ

..o COMPUTE SUMS RECURSIVELY FOK WE3,%,wee,NS
o

RO V0 Na23I,N8,2

o NMig(Neiys2
NP1s(Ney) /2
NMIgWBNMi %2
NPISWANP a2
NXTiﬂNui
NXTP&N
_APEBAPSLINXTII®Z(NXT2) e
BPERPeAPENMI a2 (NXTI) NP *2(NXTE)
CPacPOd.tBP-APQ(NnisQ)tl(NXT!)O(NPlSU)*Z(NXYQ)

NSTPENPTS®NM]
c
Igw.ﬂNQMQOIhEQW!ALQE§WFQ3MJsJJa¢:sLNP1.
AOSCIinAPSCI30CP
AlmgeewBp

Figure 3.,— Listing of smoothing routine.
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{50

Lol e X2/

200
a80

¢
¢
¢

300

AQeCi30APeCINCP

00 180 Jet, NPy

LeleNP
X(3)mADolw(AtolLeAd)
Y(I)N(ALeR 0l 0AR)yM
W(3)uClnaAl

CONTINUE

IF(NS,EQ,NPTS) GO TO RSO

INTERSOR GMOOTHING (3,0T,NPs) 1,LE,NOTP)

MENP e}

00 200 IeM,NETP

L8TeleNPy

NXTBIONMY

APuAPeZ(LET)OZ(NXT)
BPEBPEAPONMIRZ(LBTIONPLIOR(NKT)
CPRCPOR 2BPoAPONMIEQRE(LET)IONPLIBAZ(NXT)
AQsCiinAReCLI4CP

AleCRdeBp

A23C130APeCI3eCP

X(3)uA0

Y(3)mAL/H

WC1)aCleAg

CONTINUE

CONTINUE

SMOOTHED VALUES FOR laNgTRel,ewe,NPTS

MENSTP¢{

00 300 IsM,NPYD
LEJeNETP
xttg;AOQLc(AtoLaha)
Y(3)olALeR nL0AR) VM
W(I)eC3InAg

CONTINVE

RETURN

END

Figure 3.— Concluded.
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